In this article we discuss the definition and existence of a critical speed for the onset of hunting of railroad vehicles. First the field test situation is described. It is argued that the important problem is the determination of the forces and accelerations in the vehicle and the rails, which may be large even when the vehicle does not hunt. Next we discuss the relevance of the critical speed in railway engineering. We conclude that it is desirable to know the speed below which a vehicle will not hunt, since hunting always is connected with large wheel-rail forces. Next the modelling of railroad vehicles is discussed and the nonlinear aspects are emphasized. Next we explain why it is necessary to reformulate the mathematical problem for calculation of the critical speed due to the nonlinear character of the modelling. It is suggested that another critical speed be defined for a railroad vehicle. It can be calculated without great effort using a well functioning simulation program, and we explain how to determine the "new" critical speed theoretically. It yields a "global" criterion for the onset of hunting, in contrast to the linear stability criterion, which is still commonly used. The linear eigenvalue problem yields a bifurcation point, which in general will not be the lowest parameter value for existence of oscillating solutions in a nonlinear dynamical system.
The auto oscillation of railroad vehicles at speed -called hunting -is a well known phenomenon which was first described by George 
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The jump in amplitude of the oscillation of the lateral acceleration is so sudden that it easily can be related to the speed of the vehicle at that instant within say 3 km/h. It is therefore tempting to define a speed in the "center" of that speed range as a "critical speed". The problem is, however, that this "critical speed" is not easily reproducible.
Therefore we have shown no units on the abscissa of Figure 1 . It is well known that the so called critical speed depends on many external parameters such as the weight of the vehicle and the weight distribution, the magnitudes of various moments of inertia, the adhesion between wheel and rail, the curvature of the track, suspension characteristics, the shape of the vehicle and its running gear and very importantly-all parameters that combine into the quantity wheel-rail-contact geometry.
For a specific vehicle many of these parameters are given and fixed, and we are thus left with the indeterminable parameters relating to the track. The coefficient of adhesion can be measured, and in certain geographical areas with constant weather conditions it will change very little within that area. But even then -with a well defined wheel profile and a first class track -the so called critical speed in most cases will vary from line to line. Furthermore, if the test is reversed, in the sense that we measure the speed at which the hunting stops when the vehicle slows down (without applying the brakes), then it is most often found that the hunting stops at a LOWER SPEED than the one where hunting starts during acceleration. In some cases there is a considerable difference between the two "critical speeds". Wear of wheels also influences the "critical speed", so it changes with time.
We are thus led to the conclusion that a unique "critical speed" for a vehicle, above which hunting starts and below which hunting stops, DOES NOT EXIST IN REALITY. This conclusion holds true even when the coefficient of adhesion and the track geometry is known with the highest achievable accuracy.
IS IT NECESSARY TO KNOW A CRITICAL SPEED?
Hunting creates large forces between the wheel and the rail which affect the track geometry adversely. In passenger vehicles the comfort suffers, and the costs of maintenance for botti rolling stock and track increase. Hunting, therefore, is certainly undesirable, but other circumstances also create wheel-rail forces, which may be as large as the forces caused by hunting. These forces show up in acceleration and track force measurements, and why should the railroad companies then bother about hunting in particular?
Today high speed trains are optimized, also with respect to the track forces (with or without hunting) for the lines they run on. The existing, or planned, track geometry is the basis for a design optimization largely based on numerical simulations of the vehicle dynamics and wheelset wear. This technique works well, as long as these trains are confined to a network consisting of a few lines, but it is virtually impossible to do such an optimization for a freight car, which can move all over North America. We can take wheel wear into consideration in the optimization, but the track is also worn, and how should that be included in the optimization, since that wear depends on the entire amount of traffic running over the lines and not only on the optimized vehicles.
Although the railroad company usually pay.< for the maintenance of both vehicles and tracks, the track department must pay for the extra maintenance caused by dynamically bad vehicles, and the department of rolling s~o k must pay for the additional maintenance of vehicles running on bad track. This traditional conflict makes it meaningful to define standards for both track and rolling stock. which, although they relate to o n l y one cf the two groups, are based on reasonable q u i ' -fications defined by the other group. AS example, take the standards for track that must carry 35 tonnes axle load set by the vehicle designers -and finance group.
Since hunting is hard on tracks as w c l l ,::: vehicles, it is clearly desirable to avoid hunting altogether on all lines and at a l l speeds for which a vehicle is allowed. Therefore it is also desirable to determine a crit- When we want to investigate the nonlinear dynamics of a nonlinear mechanical system it is a necessary conditior! for a good result that the nonlinear mechanics is correctly modelled, or at least well approximated, but it is by no means a sufficient condition. A good modelling can not alone guarantee good results of a dynamical investigation. The mathematics must be correct too. Nonlinear mechanics is not the same as nonlinear dynamics. Nonlinear mechanics is the formulation of the nonlinearities in the system as mathematical expressions; it is a problem of physics. Nonlinear dynamics is a set of mathematical laws for the systems of equations, which comprise the mathematical model. The mathematical theory for nonlinear systems differs strongly from the much simpler linear theory, with which all engineering students become familiar. There exist concepts in nonlinear mathematics which do not exist or have any parallel in linear mathematics. Lack of uniquenesseven locally -is a distinguishing feature of most nonlinear problems and chaos only exists in nonlinear problems -only to mention two important examples. In parameter dependent nonlinear problems a concept like "bifurcation" plays an important role in the description of the overall behaviour of a dynamical system. In a railroad context this was first mentioned by Huilgol ( 1 9 7 8 ) and Moelle and Gasch (1982) . The concept has no parallel in linear theory.
An autonomous parameter dependent nonlinear system can be characterized in a certain parameter range by its "attractors". This is synonymous with asymptotically stable solutions. For any initial condition the evolution of a dynamical system will either lead to a blow up or end on an attractor -the mathematical theory says "asymptotically" as time approaches infinity, but in reality the solution will be "sufficiently close" to the attractor after a finite time. The attractor may be an equilibrium point representing a steady state or a limit cycle representing a solution periodic in time, but other possibilities also exist.
The time evolution from the initial conditions to the attractor is called the transient. In a non-autonomous nonlinear system with given time dependent forcing, the solution may never settle to an attractor, and the entire solution as a function of time is thus a transient. This is very often the case in realistic numerical simulations of the dynamics of a vehicle on a given railroad line, where the measured track geometry is used as an input, which is transformed into a time dependent forcing of the system using the speed of the vehicle. Such transients are often complicated functions of time and they are often chaotic with surprisingly large amplitudes, True and Jensen (1993~). Unfortunately very little is known about chaotic transients today, but the chaotic nature of a transient can be the cause of certain unexplained discrepancies between field test results and numerical simulations of the dynamics of a railroad vehicle.
A successful numerical simulation of the motion of a railroad vehicle will, of course, look very much like the measured results from field tests (see Figure l) , and they suffer from the same deficiences when it comes to use them to determine a critical speed for a given vehicle. We need to eliminate the influence of the disturbances from the model of the real track. This can only be done in a numerical experiment. The elimination of the disturbances will force the solution of a numerical experiment to approach an attractor. We can thus concentrate our efforts on the much simpler mathematical problem of finding the attractors (asymptotically stable solutions) and characterizing them in dependence on the speed as the control parameter. By varying the coefficient of adhesion, the gauge and other relevant wheel-rail contact parameters, we can then find the minimal speed for which a time periodic asymptotically stable solution exists.
This sounds very familiar, but it is very important that the reader will learn and acknowledge that a classical stability analysis will not in general yield a critical speed for the nonlinear system. This is one of the points where the mathematical results of nonlinear dynamics differ from those of linear dynamics.
CALCULATION OF THE CRITICAL SPEED
Consider the steady solution of our nonlinear dynamical problem. It exists for all values of of the speed, V, and it is asymptotically stable for all positive V smaller than Vo. In order to find the critical speed in our dynamical problem, the correct formulation of the related mathematical problem is: Find the minimal speed V at which any other stable solution exists, when all relevant parameters are varied over their respective ranges.
Remarks :
1. When a nonlinear problem possesses more than one asymptotically stable solution, then each of these solutions is connected to a set of initial values -the so called "basin of attraction". A l l transients from a basin of attraction will tend towards the corresponding stable solution as t + m . With the new definition of the critical speed we guarantee, that all physically reasonable transients in our vehicle dynamical problem will tend towards the steady solution when V < Vc. Theoretically some transients may tend to infinity (blow up), but this is not new. Therefore hunting is theoretically impossible f o r V < Vc.
2. In some cases V c = V o , which is the linear critical speed. Since in general V is wrong to denote Vo the critical speed. long time presented the qualitative behavior of nonlinear dynamical problems on so called bifurcation diagrams. They yield a good survey of the number of solutions in dependence on one or more control parameters. In railroad vehicle dynamics bifurcation diagrams were used by Moelle and Gasch (1982) , Gasch et al. (19841, Jaschinski (19901, Knudsen et al. (1991) and the author, True and Kaas-Petersen (1984), Kaas-Petersen and True (1986) , True (19881, True and Jensen ( 1 9 9 3~) and in a survey True (1993a) . In all these cases V < Vo.
A case where Vc = Vo is described in another survey, True (1993b) . 3. Vary the other parameters over their respective ranges and repeat the second step for each combination. Thereby, a set of values V is created. The smallest value Vc in the set is the critical speed we are looking for. 1 additional comments. The easiest way to find the periodic motion numerically is to start a time integration at a parameter value V above V with all state variables equal to zero in the initial condition. Since the steady solution is unstable for V > Vo, the transient solution found by the integration will tend to the asymptotically stable periodic solution.
2 additional comments. By choosing a set of initial conditions on the periodic solution we are certain that the initial condition is in the basin of attraction of the periodic solution. If the decrease of V is slow enough, the periodic solution will also change slowly, un-
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til it suddenly disappears at a certain V = V V1 is the first candidate for Vc to be determined in step 3. It is not recommendable to try to find the periodic solution by starting an integration at v < vo from a "large" initial condition. The basins of attraction are not known a priori. It is only guaranteed that the transient will end on one of several coexisting stable solutions, if the initial condition for the transient is "sufficiently close" to that solution. When V > Vo we expect to find only one stable solution -the periodic oscillation. In some publications this method is called "ramping".
The method for finding the critical speed described above is based on sound mathematical principles. Therefore the resulting V safely can be denoted the critical speed for the vehicle model. Whether it can be denoted the critical speed of the vehicle is a question of first of all how well all dynamical aspects of the motion of the real vehicle with its real boundary conditionsare reflected in the numerical model, and second, how good the numerical solver is. Many of the multibody simulation programs available today will perform satisfactorily.
The parameter variation presents the most serious problem. Much is known about the dependence of the linear critical speed Vo on the various parameters, but in contrast little is known about the influence of the same parameters on the critical speed V . Some tendencies can be found in True and Jensen (1993~) . It is interesting to notice that the influence of a parameter variation may have opposite effects on V ical speeds in True and Jensen ( 1 9 9 3~) have been computed for one specific parameter combination at a time using the method outlined above.
and Vo. All the crit-
AN EXAMPLE
We examine the Cooperrider model in True (1993a) o f a bogie running with constant speed V on a perfect, stiff, level and straight track. The displacements are measured relative to a coordinate system moving along the straight track with the constant speed of the vehicle. In this moving reference frame the displacements are assumed small. The wheels, axles and the bogie frame are stiff, and friction is only included in the wheel-rail forces.
A s wheel and rail profiles we use DSB 82-1 and UIC60 with gauge 1 4 3 5 mm and a cant of 1/40.
We solve the system of equations for various values of the speed V in the following way.
First 
CONCLUSION
The concept "critical speed" for the onset of hunting of a railroad vehicle is criticized.
A unique critical speed is difficult to measure, and the measured critical speed rarely agrees with the one found by the conventional eigenvalue analysis of the linearized mathematical problem. We therefore suggest that another critical speed, Vc, shall be used in future by the railroad industry as a criterion of acceptance f o r railroad vehicles. The speed, Vc, is defined in such a way that it is theoretically guaranteed that no hunting can take place at speeds below Vc. Vc can be determined uniquely by numerical methods, and its calculation is no more difficult than doing a simulation. Any good existing simulation program can easily be modified to do the necessary calculations. Since the definition of Vc is theoretically justified and its computation is based on proven mathematical principles, Vc will definitely be a much better approximation to the true critical speed of the vehicle than the so called critical speed, which is calcu- 
